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Hybrid multizonal/computational fluid dynamics (CFD) models provide a means of
introducing a more realistic description of fluid mechanics and mixing phenomena within
process models. The solution of the CFD submodel implicitly defines a function relating
one or more of the variables in the multizonal model (the function outputs) in terms of
another subset of the variables (the function inputs). This paper is concerned with the
accurate and efficient evaluation of this function using local approximate models (LAMs)
that may have a general mathematical structure, or be based on physical correlations.
Practical issues relating to the robustness of the solution of hybrid models are also
considered, and a general architecture for the software interface between the multizonal
and CFD submodels is presented. The effectiveness and efficiency of the overall approach
are tested by two applications relating, respectively, to a stirred-tank chemical reactor
fitted with a cooling jacket and to a stirred-tank bioreactor. © 2005 American Institute of
Chemical Engineers AIChE J, 51: 1169–1177, 2005
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Introduction

In a recent article,1 the authors presented a rigorous mathe-
matical framework for constructing hybrid multizonal/compu-
tational fluid dynamics (CFD) models. (In the interests of
simplicity of notation in this article, we treat the output Y as a
scalar quantity, rather than a vector. This does not result in any
loss of generality because the various outputs of the CFD
submodel can be approximated independently of each other.)
Such models can be viewed as a generalization of the widely
used multizonal (or “multicompartment”) models that divide
the system of interest (such as a chemical reactor or a crystal-
lizer) into a network of well-mixed zones. The important
feature of hybrid models is that the flow rates between adjacent
zones are computed by a CFD submodel that constitutes total
mass and momentum balances only. All other phenomena are

included in the well-mixed zone models. The CFD submodel
may also be used to compute fluid-mechanical quantities that
are necessary for the characterization of these other phenomena
(such as the turbulent energy dissipation rate, which affects the
rate of nucleation in crystallization processes).

The above work generalizes and unifies much of the work on
hybrid multizonal/CFD models presented in earlier literature
(see, for example, Urban and Liberis,2 Bauer and Eigen-
berger,3,4 Alexopoulos et al.,5 Zauner and Jones,6 Rigopoulos
and Jones,7 Bezzo et al.8). However, a problem common to all
these hybrid models is the cost associated with the CFD cal-
culations. More specifically, the CFD submodel is essentially
embedded within a multizonal process model as a set of func-
tions of the form

Y � F�x� (1)

where x � �n is the set of inputs to the CFD submodel (such
as the density and viscosity of the fluid in each zone) and Y �
� represents any one of its output quantities1 (such as an
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interzonal flow rate or the volume-averaged turbulent energy
dissipation rate for a given zone). During a typical steady-state
or dynamic simulation of the multizonal model, the function
F� may need to be evaluated hundreds of times. Even with
some form of “hot-starting” the CFD calculations after the first
evaluation, the resulting computational cost may still be pro-
hibitive. Methods such as the in situ adaptive tabulation9 or the
response–surface technique,10 which are mainly used in reac-
tive flow calculations, are of little use in this case because it is
quite impractical to create a priori a comprehensive map of the
function F� when expensive CFD calculations with large
numbers of inputs are involved.

This paper examines ways of addressing the above problem.
The basic idea is that a relatively large proportion of the
evaluations of the function F(x) are replaced by evaluations of
local approximate models (LAMs) of the form

y � f�x, �� (2)

where the values of the parameters � � Rp are estimated by
fitting the results of evaluations of the original function F�
carried out earlier during the solution of the hybrid multizonal/
CFD model.

In the next section, we present a general algorithm for the
derivation and use of LAMs within the context of a hybrid
model. The next two sections are concerned with, respectively,
LAMs that have a general mathematical structure and LAMs
that are based on physical correlations. We then proceed to
consider a couple of practical issues relating to the robustness
of solution of the hybrid model, and to present a general
architecture for the software interface between the multizonal
and CFD submodels, combining all the elements presented in
the paper. Finally, the overall effectiveness and efficiency of
the approach are examined by applying it to two examples
presented in earlier literature.

Local Approximate Models

In general, during any solution of the hybrid multizonal/CFD
model, we will perform the rigorous CFD calculations several
times, gradually building a set (“database”) � of distinct input/
output pairs {(xi, Yi)}. As has already been mentioned, the
LAM parameters � are derived by applying an estimation
procedure to a subset of the points in �. Thus, a LAM uses a
subset of the discrete representation to approximate a portion of
the function map (see Figure 1).

The recognition of the benefits of using LAMs instead of a
more expensive rigorous model is not new. For instance, they

have been widely investigated as a means of reducing the cost
of rigorous thermodynamics calculations within process simu-
lation. Leesley and Heyen11 developed an interpolation scheme
to avoid complex algorithms to estimate the phase equilibrium
constants in vapor–liquid equilibrium calculations. Chimowitz
et al.12 and Macchietto et al.13 approached the problem of
process design and simulation by proposing simple models
locally approximating rigorous and expensive tensor property
(TP) property models. Parameters were recalculated using re-
cursive updates similar to those developed in Åström et al.14 for
self-tuning regulators. More recently, Støren and Hertzberg15

demonstrated the usefulness of local thermodynamics models
to accelerate dynamic optimization calculations.

In general, the application of the LAMs considered in this
paper involves the following steps:

Given an input vector x:
(1) Based on a appropriate set of criteria, determine a subset

�� of the points in � that can be used in the construction
of the LAM.

(2) IF the subset �� contains the minimum necessary number
p of points, THEN
(a) Using the points in �� , estimate the LAM parameters

�.
(b) Evaluate the LAM to determine y � f (x, �).
(c) If y is sufficiently close to the values of the outputs

Y corresponding to the points in �� , then RETURN
output y.

(3) LAM is not applicable:
(a) Solve the CFD submodel to evaluate Y � F(x).
(b) Add the point (x, Y) to the database � for use in

future LAMs.
(c) Optionally, use the point (x, Y) to adjust the criteria

used at step 1.
(d) RETURN output Y.

The criteria used in step 1 for determining which points in �
should be used will generally depend on the particular form of
LAM being used, and so does the minimum number of points
p that are necessary to allow the construction of the LAM (cf.
step 2). Unless otherwise stated, a point (xi, Yi) is deemed to be
suitable for the construction of a LAM for a given set of inputs
x provided xi and x are suitably close to each other by satis-
fying the following condition

di � ��
k�1

n �wk� xki � xk�

xki
� 2

� � (3)

where xki and xk are the kth elements of vectors xi and x,
respectively, and wk is a given weight reflecting the relative
sensitivity of the CFD submodel’s output with respect to the
kth input.

The parameter � controls the eligibility of points xi in con-
dition 3. Experience shows that it is generally best to start with
a relatively small � and then increase it if and when appropriate
at step 3c of the algorithm. In particular, if a rigorous CFD
submodel calculation is performed (step 3a), then we can a
posteriori construct a LAM based on a subset �� containing the
p points in � that are nearest to x even if these do not fulfill the
criterion expressed in Eq. 3. If the relative difference of the

Figure 1. From rigorous to local approximate models.
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approximated output y and the corresponding exact value Y is
found not to exceed a specified tolerance �, then this implies
that the subset �� could, in fact, have been used for the creation
of a LAM, although this was prevented by � being too conser-
vative. Consequently, � can be increased to maxi:(xi,Yi)��� di.

To facilitate the parameter estimation step 2a, we limit our
attention to LAMs in which all parameters occur linearly. This
allows the determination of their values either by the solution
of a linear system (if the absolutely minimal number of points
are used) or, more reliably, by the solution of a linear least-
squares problem (if more than the minimum number of points
are used). Recursive least-squares methods are not considered
in this paper: although they do not require large databanks, an
initialization step for which disturbances are introduced is
needed for the variance–covariance matrix to be determined in
a robust manner.16 In our case, the cost of CFD calculations
would make this initialization phase too computationally ex-
pensive.

Step 2c also deserves some additional explanation. Any
LAM is essentially an interpolant to the function F�. Conse-
quently, we need to treat with caution any output prediction
produced by such a LAM that differs widely from the output
values in the set �� from which the LAM was constructed. In
practice, we can do this by calculating the mean Y� �� and
standard deviation ��� of the outputs Y of all points in set �� . If
the LAM output y is in the range [Y� �� � 3��� , Y� �� � 3��� ], then
it is accepted as a sufficiently accurate output value. Otherwise,
the algorithm proceeds to execute step 3, which involves the
complete CFD submodel solution. Such cases typically indi-
cate that the LAM may have “overstretched” itself by making
use of points in � that are too far away from the input of
interest x to yield good predictions; thus it is also appropriate
to reset the tolerance � to its initial (small) value.

Mathematically Based Local Approximate Models

In this section, we consider LAMs that are purely mathe-
matical in nature, that is, they do not attempt to take into
account the physical characteristics of the dependency of a
particular output Y of the CFD submodel on its inputs x. These
LAMs are generally applicable, irrespective of the physical
quantity that they have to approximate. Their disadvantage is
that they may not be as precise as LAMs based on physical
understanding.

The simplest possible mathematically based LAM is a linear
function of the form

f�x� � �0 � �
k�1

n

�kxk (4)

A general-purpose mathematically based nonlinear LAM
can be constructed using the well-established Shepard interpo-
lation scheme.17 This has been used for many diverse applica-
tions such as the transfer of solution data from one CFD
computational grid to another18 and the representation of po-
tential energy surfaces in dynamic calculations for electronic
structures by using a limited number of accurate data points.19

Here, we use the modified Shepard method,20 which leads to

a more efficient and stable interpolation procedure. Given a set
of points �� to be used in the LAM, the latter is given by

f�x� �
¥i� �� Wi�x�Qi�x�

¥i� �� Wi�x�
(5)

where the nodal functions Qi satisfy Qi(xi) � Yi. Typically (for
example, Renka,21 Carlson and Foley,22 Iiguni et al.23), biva-
riate quadratic functions or Taylor series expansions are used to
define Qi. Taylor series expansion cannot be used in our case
because the complexity of the CFD submodel renders their
derivation practically impossible. Instead, we have used a
simplified form of the bivariate quadratic functions, which
omits terms involving products of two distinct input variables.
(Tests that we carried out with and without these terms showed
that the loss of accuracy resulting from their omission is
negligible.)

Qi�x� � Yi � �
k�1

n

��ki�xk � xki�
2 � 	ki�xk � xki�� (6)

The nodal function Qi(x) represents an estimate of the output
at point x based on information pertaining to point xi in the
database. Equation 5 combines estimates from different points
xi by relative weights Wi, defined as

Wi�x� � �max�0, Rw � �x � xi��
Rw�x � xi� �2

(7)

where Rw is a “radius of influence.”
We note that Wi(x) � 0 if the distance of point x from xi

exceeds Rw; thus, only points within a sphere of radius Rw of x
contribute to the LAM. Thus, for a given value of the radius Rw,
we can easily determine the subset of points i that are to be
involved in the LAM. We then need to estimate the coefficients
�ki and 	ki in the corresponding nodal function Qi(x). These are
determined by solving the least-squares minimization problem

min
�ki,	ki,k�1,...,n

�
j:�xj,Yj�� ��

j�i

max�0, Rq � �xi � xj��
Rq�xi � xj�

�Qi�xj� � Yj�
2

(8)

where Rq is another radius of influence.
The radii Rw and Rq may be fixed at given values,20 or they

can be chosen to be large enough to include certain minimum
numbers of points.21 In our implementation, we have set

Rq �
1

2
max

xi:�xi,Yi���

�x � xi� (9)

Given that Rq denotes the radius of influence of the data points
on the nodal functions, whereas Rw denotes the radius of
influence of nodal functions on the interpolating function, it is
recommended that Rw � Rq. We have chosen Rw � Rq/	2.20
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Physically Based Local Approximate Models

Certain fluid-dynamical quantities that are computed by the
CFD submodel are also known to be related to the latter’s
inputs by well-established and relatively simple correlations.
The latter may be viewed as LAMs with adjustable parameters
that may be estimated by fitting to rigorous CFD results.
Moreover, provided the parameters occur linearly, the algo-
rithm presented earlier in this paper is as applicable to these
LAMs as it is to general mathematically based ones.

By necessity, physically based LAMs are available for only
specific quantities. Two such examples are described in the rest
of this section; they relate, respectively, to the fluid-to-wall
heat transfer coefficient in a stirred vessel and to the effective
viscosity in a non-Newtonian fluid.

Example I: a LAM for stirred-tank heat transfer
coefficient

The standard correlations for the fluid-to-wall heat transfer
coefficient in a stirred tank are of the form (see, for example,
Fletcher24)

Nu � C�Re���Pr)	 (10)

where Nu is the Nusselt number hD/
 with h, D, and 
 being
the heat-transfer coefficient, tank diameter, and fluid conduc-
tivity, respectively; Re is the Reynolds number (dN2�)/�, with
d, N, �, and � being the impeller diameter, impeller rotation
speed, fluid density, and fluid viscosity, respectively; Pr is the
Prandtl number (Cp�)/
, with Cp being the fluid specific heat
capacity; and C, �, and 	 are parameters that depend on the
particular vessel being studied.

By taking logarithms of both sides, the above can be refor-
mulated to

log�Nu� � 
 � � log�Re� � 	 log�Pr� (11)

where 
 � log C. This can be used as a LAM with three
adjustable parameters, �, 	, and 
, occurring linearly therein.

We can also derive an alternative local model that is more
closely related to the methods used to compute the heat-transfer
coefficient within CFD packages. In particular, the heat-trans-
fer coefficient hc in a cell c adjacent to the vessel wall can be
expressed in terms of the following correlation25

hc �
�cCpcC�

0.25kc
0.5

T*c
(12)

where C� is an empirical constant related to viscosity; kc is the
turbulent kinetic energy per unit mass in cell c

T*c � Prt�1

�
log�Ey*c� � f�Prc��

with

f�Prc� �
�/4

sin��/4� �A

��
0.5�Prc

Prt
� 1��Prt

Prc
�0.25

y*c �
�C�

0.25kc
0.5yc

�

A, �, E are constants; Prt is the Prandtl turbulent number
(assumed to be constant); Prc � Cpc

�c/
c; and yc is the distance
from the center of cell c to the wall.

After some algebraic manipulations and taking into account
the relation between kinetic energy per mass unit and velocity
(that is, kc

0.5 
 vc), the following expression can be obtained:

Nuc �
A1RecPrc

A2 � A3�1

�
log Rec � f�Prc�� (13)

where A1 � C�
0.25, A2 � log(E)Prt/k, A3 � Prtlog(EA1), and Rec

� �vcyc/�c.
Finally, by taking the inverses of both sides and approxi-

mating the local (cell) Reynolds and Prandtl numbers by the
corresponding vessel quantities, as used in Eq. 10, we obtain

1

Nu
� �

1

Re Pr
� 	

1

�
log Re � f�Pr�

Re Pr
(14)

which is linear in the two parameters � and 	.
Several tests have demonstrated that this model has the

tendency to slightly overestimate Nu. A simpler local model
can be derived from it by dropping the first term on the
right-hand side, leading to a single-parameter model

1

Nu
� 	

1

�
log Re � f�Pr�

Re Pr
(15)

Example II: a LAM for non-Newtonian viscosity

The effective viscosity � of a process fluid is an important
quantity in many industrial applications. For example, in bio-
processes involving sparging of air into a thick broth, � affects
the coefficient for mass transfer of oxygen from the air to the
liquid phase.

For non-Newtonian fluids, � is a function of the strain rate Ṡ.
For example, in power-law fluids, we have

� � kṠn�1 (16)

where n and k are parameters that depend on fluid character-
istics (composition and temperature). Thus, a CFD submodel
can readily compute a volume-averaged value of � within each
zone in a hybrid multizonal/CFD model.

On the other hand, � can also be estimated by means of
general correlations. In the case of stirred-tank reactors, the
correlation by Metzner and Otto26 is of the form

� � k�aN�n�1 (17)

where N is the impeller rotation speed and a is a geometric
constant. By taking the logarithms of both sides, we obtain a
LAM of the form
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log
�

k
� �n � 1��log a � log N� (18)

where log a can be treated as an adjustable parameter to be
fitted to rigorous CFD results. A more flexible LAM can be
derived by introducing an additional parameter 	 on the right-
hand side

log
�

k
� �n � 1��log a � log N� � 	 (19)

Ensuring Robustness in Hybrid Calculations

Robustness is a critical issue in simulating a hybrid multi-
zonal/CFD model. In particular, it must be ensured that data
coming from the CFD submodel as well as from LAMs do not
destabilize the numerical methods of the process simulation
package.

Below, we consider two issues related to robustness and
present appropriate solutions.

Interzonal flow rate reconciliation

CFD packages typically adopt looser convergence criteria
than those routinely used by process simulation tools to solve

the multizonal model. As a result, the solution of the CFD
submodel may not close the mass balance exactly, and this may
have an adverse effect on the performance of the solver applied
to the multizonal submodel. It is, therefore, generally advisable
to apply a reconciliation procedure to the interzonal mass flow
rates computed by the CFD submodel.

If F̂zz� denotes the mass flow rate from zone z to z� computed
by the CFD submodel, the objective of the reconciliation is to
determine a set of corrected flow rates Fzz� that are as close to
F̂zz� as possible while satisfying the total mass balance con-
straint in each and every zone z. This can be achieved by
solving the following constrained least-squares minimization
problem

min
Fzz�

1

2 �
z,z�

�Fzz� � F̂zz��
2 (20)

subject to the linear mass balance constraints

�
@z��z

Fzz� � �
@z��z

Fz�z � 0 � z (21)

The optimal solution can be found by introducing a La-
grange multiplier 
z for each constraint in Eq. 21 and formu-
lating the first-order optimality conditions which, in addition to
Eq. 21 include the equations

Fzz� � F̂zz� � 
z � 
z� � 0 � z, z� (22)

The optimality conditions form a linear system that can be
solved for the reconciled flow rates Fzz� and the multipliers 
z.

Note that, in the interests of retaining physical realism, only
interzonal flow rates Fzz� that have been determined by the CFD
submodel as being nonzero (that is, F̂zz� � 0) are included in
the above reconciliation procedure.

Filtering of CFD results

Loose convergence criteria in CFD packages may cause
some fluctuations in the computed results. The resulting noise
may adversely affect the numerical methods used for the so-
lution of the multizonal model, such as those arising from the
contradictory outputs received by the predictor–corrector steps
in a typical time integrator. The problem is usually quite acute
during initialization of the process simulation model.

A solution to the above problem can be obtained by means
of a simple filter: given a vector of inputs x, CFD rigorous
calculations are carried out only if

	x*k � xk

x*k
	 � � (23)

for at least one k, where � is a preset tolerance and vector x* is
the vector of inputs used to compute the last rigorous output
Y*. Otherwise, Y is simply returned to be equal to Y*. Effec-
tively, the filter substitutes the noisy function Y � F(x) with a
piecewise constant function.

Figure 2. Software architecture for hybrid multizonal/
CFD models.
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Software Architecture for Hybrid Multizonal/CFD
Models

The coupling of multizonal and CFD submodels within a
single hybrid model has both structural and computational
aspects. The former have already been considered in detail in
Bezzo et al.1 in terms of the mathematical definition of the
model that describes each well-mixed zone, and the informa-
tion that needs to be exchanged between the two submodels.

Here, we turn our attention to the computational procedure that
actually handles the information flow, and the overall software
architecture that integrates the various functions and algorithms
introduced in this paper. As shown schematically in Figure 2,
there are three major software components: the process simulator,
the CFD tool, and the interface between the two.

The process simulator component incorporates the multi-
zonal model defined by the models of the individual zones and
their connectivity, and also a numerical solver (such as that for
the integration of sets of differential-algebraic equations over
time). The interaction between the solver and the multizonal
model requires multiple evaluations of the latter’s equations,
which, in turn, results in requests being issued to the interface
for the evaluation of the function F(x) (cf. Eq. 1) for different
values of the input vector x.

The interface starts by applying the filter that determines
whether simply to return a previously calculated output value
Y* that already exists in the database (cf. Eq. 23). If this is not
appropriate, then it checks whether a LAM is applicable in this
case by determining a suitable set �� of points from the data-
base. If this is true, then the LAM parameters � are estimated,
the LAM output (cf. Eq. 2) is evaluated, and its difference from
the outputs of the points in �� is assessed. If this difference is
not excessive, then y is returned to the process model as the
output corresponding to the given inputs x.

If a LAM is not applicable, or if its output y is excessively
different from the output values in the set �� used for the
construction of the LAM, the interface issues a call to the CFD
tool. By making use of the CFD submodel, the tool computes
the output Y corresponding to the specified input x and returns
it to the interface. The latter adds the pair (x, Y) to the database

and then proceeds to return Y as the desired output to the
process simulator.

The user primarily interacts with the process simulator com-
ponent that has overall control of the calculation. The execu-
tion of the CFD tool is initiated automatically by the software
interface component just before the first solution of the CFD
submodel.

The above architecture is very general, being applicable to
all hybrid multizonal/CFD models conforming to the general
framework of Bezzo et al.1 In particular, it is independent of the
structure of the specific model under consideration in all im-
portant respects, including the management of the information
flow, the filtering criteria, the implementation of the LAM
algorithm, and the additional robustness measures. For in-
stance, the two examples described in the next section are
handled in exactly the same way, although one of them uses a
single-zone model of a stirred tank, whereas the other one
involves a multizonal model of a bioreactor.

Case Studies

Two applications will be considered to analyze the effective-
ness of using LAMs in the dynamic simulation of hybrid multi-
zonal/CFD models. In both cases, the multizonal model is imple-
mented in the gPROMS® v2.0 process modeling tool,27 whereas
the CFD submodel is implemented in Fluent® v4.5.28 All compu-
tations are carried out on an SGI® Onyx® workstation.

Application I

The first test will consider the semibatch esterification reac-
tor originally described in Bezzo et al.29 The tank is fitted with
a double impeller on a centered shaft and a jacket that is used
for either cooling or heating. The tank is modeled as a single
well-mixed zone, constituting the mass and energy balance
equations, and is also coupled with appropriate models of the
jacket and the control system.

Because this example involves just one zone, the only output
Y of the tank’s CFD submodel is the process side heat-transfer
coefficient h. This is determined by solving the mass and
momentum balances within the tank for given density � and
viscosity � of the tank’s contents. The specific heat capacity Cp

and thermal conductivity � of the fluid are also required to
compute the required heat transfer coefficient (cf. Eq. 12). All
four physical properties are computed by the zone submodel
from the composition and temperature of the tank’s contents.
The CFD submodel’s input vector x is defined as {�, �, Cp, �,
N}, where N is the speed of impeller rotation.

We consider seven distinct cases as listed in Table 1. The base
case is a dynamic process simulation that resorts to rigorous CFD
calculations whenever it needs to evaluate the function h(�, �, Cp,
�, N); no LAM is used in this case. Cases 2–7 make use of the

Table 1. Cases Considered in Application I

Case Model Initial Radius � No. of Parameters* p

1 Base N/A 0
2 LAM Eq. 4 5 
 10�2 (Constant) n � 1
3 LAM Eq. 5 5 
 10�2 (Constant) At least 2n
4 LAM Eq. 11 5 
 10�2 (Constant) 3
5 LAM Eq. 14 5 
 10�2 (Variable) 2
6 LAM Eq. 15 5 
 10�2 (Variable) 1
7 LAM Eq. 15 5 
 10�2 (Constant) 1

*n � number of inputs (4 or 5).

Table 2. Performance of Differemt LAMs under Constant Impeller Speed in Application I

Parameter Base
Mathematically Based

LAMs Physically Based LAMs

Case 1 2 3 4 5 6 7
A — G G M G G G
� 1.0 12.9 8.3 6.7 37.6 51.2 16.8
PS% 0.03 1.72 2.84 0.44 2.35 2.60 0.80
Ncfd 1664 178 203 226 46 35 97
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LAMs indicated in the second column of the table. The parameter
� used in condition 3 is initially set to the value shown in the third
column of the table; thereafter, it is either kept constant or varied,
as discussed earlier in this paper.

The performance of the various LAMs is assessed according
to the following criteria:

(1) The accuracy (A) of the simulation results is classified as
good (G) if the simulated heat transfer coefficient does not
differ by more than 1% from the base case at any point during
the dynamic process trajectory; as medium (M) if it does not
differ by more than 5% from the base case; and as bad (B) if
it differs by more than 5% from the base case.

(2) The CPU reduction achieved by the use of LAMs is
assessed by two different parameters. The acceleration factor �
for a particular case is defined as

� �
Total CPU time for base case

Total CPU time using LAM
(24)

The parameter PS% is defined as the ratio

PS% �
Process simulation CPU time

Total CPU time
(25)

In addition to the time spent by the process simulator compo-
nent, the numerator includes the time consumed by the soft-
ware interface component (that is, effectively all non-CFD
computations).

(3) The numbers of rigorous CFD submodel solutions (Ncfd)
are also compared.

As a first test, the impeller rotation rate N is kept constant; thus,
there are only four real input variables to the CFD submodel.
During the simulation, process viscosity changes by about 50%.
Table 2 outlines the performances of different local models.

Case 4 achieves relatively poor accuracy; in fact, the LAM’s

sensitivity to the inputs x was found to be significantly different
from that of the rigorous CFD model. Nonetheless, the results
in Table 2 demonstrate the great effectiveness of the other
physical models. Even with a constant � (Case 7), the local
model (Eq. 15) produces an acceleration in calculation time of
almost 17 times the base case. When the tolerance is automat-
ically adjusted (Case 6), the simulation becomes over 50 times
faster than the base case while still retaining good accuracy.

Another interesting result is the good performance of the
simple linear LAM (Case 2). The nonlinear LAM (Case 3) is
also both effective and accurate.

In all these simulations, the process simulator CPU time
represents a small percentage (well under 3%) of the overall
computational time. As expected, CFD calculations are the
principal burden, each requiring 30–120 s of CPU time. Thus,
the acceleration factor � is essentially a direct reflection of the
reduced number of rigorous CFD evaluations, as shown in the
last row of Table 2.

The base case and the two best performing LAMs (Cases 2
and 6) were also tested in a more demanding simulation where
the impeller speed N (in rpm) is varied depending on the
temperature T (in K) according to

N � 
90 if T � 320
90 � 0.75�T � 320� if T � 320

This test is designed to test the effectiveness and robustness of
using local models, given that the impeller speed drastically
affects the fluid flow behavior.

Table 3 summarizes the results of this second test. The use
of local models decreases computational time by a factor of
3–4 over the base case, which still represents a substantial
acceleration, although the benefit of using a LAM is smaller
than before. A closer examination of the results obtained re-
veals that, although only a limited number of rigorous CFD
calculations are required, each of these requires longer com-
putations (100–500 s CPU time) because hydrodynamic con-
ditions tend to change significantly from one calculation to the
next. However, these large changes in hydrodynamics do not
seem to affect the predictive ability of the LAMs.

Application II

Our second application, taken from Bezzo et al.,8 is a stirred-
tank bioreactor for the production of polymer xanthan gum. A
population balance zone model is implemented to represent the

Figure 3. Velocity distribution at the beginning (left) and at the end (right) of the simulation.8

Table 3. Performance of Different LAMs under Variable
Impeller Speed in Application I

Parameter

Case

1 2 6

A — G G
� 1 3.4 4.0
PS% 0.03 0.60 0.26
Ncfd 1950 158 104
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distribution of cell sizes in the reactor, also incorporating
gas-to-liquid oxygen mass transfer and biokinetics. The broth
rheology is modeled by a non-Newtonian correlation. Net-
works of between 5 and 25 zones are used.

The CFD submodel solves the total mass and momentum
balance equations for given values of the parameters k and n of
Eq. 16 to determine the following outputs:

● The mass flow rates Fzz� and Fz�z between each pair of
neighboring zones z and z�.

● The volume-averaged effective viscosity �z for each zone z.
The interzonal mass flow rates are handled by means of

linear LAMs. Although the velocity field changes dramatically
(see Figure 3) over the course of the simulation, its variation is
rather smooth over time and there is no need for more com-
plicated models. (In fact, for this particular application, satis-
factory results may even be obtained by treating the flow rate
values as piecewise constant functions of time, which are
occasionally updated during the simulation by means of rigor-
ous CFD calculations.)

On the other hand, three different LAMs are tested for the
computation of the effective viscosity in each zone (see Table
4). These include the simple linear LAM (Eq. 4) and the two
physically based LAMs (Eqs. 18 and 19).

A base case simulation making use of rigorous CFD calcula-
tions only was not possible for this application because of the
excessive computational effort required. From this perspective,
the use of LAMs is already making a positive contribution by
allowing a practically feasible simulation to be performed.

Table 5 presents results of simulations carried out with a
multizonal submodel involving 20 zones. The “G(ood)” entries
in the accuracy (A) row indicate that the results were smooth
without any discontinuities or fluctuations that could not be
justified on physical grounds.

The total CPU time (CPUtot) and the numbers of CFD
submodel solutions are reported as metrics of computational
efficiency. As in application I, physically based LAMs are
found to perform best. However, in this case, the process
simulation calculations account for about 20–25% of the total
CPU time, reflecting the much more complex nature of the
underlying zone models, which are themselves integro-partial
differential equations distributed over the domain of cell sizes.

Table 6 presents data relating to the computational effort
required for different numbers of zones in the model (using

LAM Eq. 18 for all calculations). The required CFD compu-
tational time varies relatively little because the number of
necessary updates (attributed to changing physical properties)
is not significantly affected by the number of zones. On the
contrary, the process simulation CPU time drastically depends
on the number of zones because that determines the number of
equations and variables in the multizonal submodel. For nz �
20, the process simulation CPU time contributes substantially
to the total computational time.

Concluding Remarks

Hybrid multizonal/CFD models provide a means of intro-
ducing a more realistic description of fluid mechanics and
mixing phenomena within process models. Early hybrid mod-
els of this type performed the CFD calculation either once only
(normally, before the start of the simulation) or very infre-
quently (such as when conditions within the process equipment
changed dramatically). However, for many applications of
industrial interest, a closer coupling is necessary to preserve the
accuracy and reliability of the overall hybrid model, without
making arbitrary decisions regarding the required frequency of
the CFD calculation.

The above objective can be achieved by viewing the CFD
submodel as defining a function F� expressing one or more of
the variables in the multizonal model (the function outputs, Y)
in terms of another subset of the variables (the function inputs,
x). Thus, standard numerical solvers (such as differential–
algebraic equation integrators) can be applied unaltered to the
multizonal process model.

The present paper has focused on the accurate and efficient
evaluation of the function F(x) using local approximate models.
Both mathematically and physically based LAMs were consid-
ered. Unsurprisingly, the latter category has been found to be
superior in the two applications tested here; however, their appli-
cability is limited to specific types of outputs Y, whereas the
mathematically based LAMs are universally applicable.

Both of the example applications presented here were related to
dynamic process simulation. It is worth noting that other model-
based applications (such as process optimization) can, in principle,
be handled using the same approach with the function F(x) being
evaluated by a combination of rigorous CFD and LAM-based
calculations. However, more attention may have to be paid to the
continuity and differentiability of this function.
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Notation

di � distance of point xi from the given input vector x
� � set of discrete input/output pairs {xi, Yi}
�� � subset of the points in � that can be used for the construction of a

LAM
Fzz� � mass flow rate from zone z to zone z� computed by the CFD

submodel
n � number of inputs (length of vector x)
p � number of parameters in a LAM (length of vector �)
x � inputs to a CFD submodel
Y � output of a CFD submodel

Table 4. Effective Viscosity LAMs Considered in
Application II

Case Model Initial Radius � No. of Parameters p

1 LAM Eq. 4 5 
 10�2 (Constant) 3
2 LAM Eq. 18 5 
 10�2 (Constant) 1
3 LAM Eq. 19 5 
 10�2 (Constant) 2

Table 5. Performance of Different LAMs in a 20-Zone
Model for Application II

Parameter
Mathematically Based

LAMs
Physically Based

LAMs

Case 1 2 3
A G G G
PS% 21.3 22.3 24.7
Ncfd 115 110 104
CPUtot (s) 40,100 35,300 33,200
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y � output of a LAM
z � zone of a multizonal submodel
� � local model parameters
� � parameter controlling eligibility of points xi for the construction of

a LAM
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Table 6. Dependency of Computational Effort on Number of Zones for Application II

Number of Zones

5 10 15 20 25

Process simulation CPU time 500 2100 3700 8200 15,300
CFD CPU time 23,700 24,000 24,500 25,000 26,000
Total CPU time 24,200 26,100 28,200 33,200 41,300
No. of multizonal model equations 800 2100 5700 10,000 17,600
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